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Beside modeling the survival pattern over a period of time, the other objectives of survival analysis are (i) to investigate factors that influence the duration of survival, (ii) to compare two or more modalities for survival pattern, and (iii) to estimate the future survival of individuals or groups with specified features.
	Survival pattern helps patients and physicians to decide which treatment or health strategy to prefer and when. For example, short-term survival may be better (in terms of percentage) with one regimen and long-term survival with another. The survival patterns are lessons to health care providers and seekers about what to expect in specific cases. The actual experience in individual cases would be different but not too much if the survival curves are valid and reliable.
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Figure 18.1
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In cases D, F and H, this occurred because the study has ended whereas in case E, it is due to loss of the subject for follow-up.

P.611

Before proceeding ahead with survival analysis, assess that there is no discernible pattern in the durations or in reaching to the end point when arranged by enrolment. For example, you can plot them as in Figure 18. After reordering by date of entry, confirm that deaths and durations of survival are randomly distributed. Early recruiters should not have unusually high (or low) death rates or unusually long (or short) duration of survival.

P.611

18.2.1.3 Statistical Measures of Survival
Now that you have understood the censoring, you may realize the problems in computing mean survival time. In Figure 18.1, the survival duration of subjects D, E, F and H is not known. If these are ignored, the mean of the remaining 3 known durations can be unreliable and biased.  Unreliable because the n available now is only 3 whereas actually there are 8 subjects in this study. Biased because the subjects excluded from this calculation due to incomplete observations are likely to be very different. If this is duration of survival after a treatment, the persons alive at the end of follow-up are exactly those that may have benefited. If these censored observations are included with truncated values, the means would obviously be an underestimate. Thirdly, survival duration is known to have highly skewed distribution since some people tend to survive for long duration. If mean is not appropriate for survival, which summary measure do you use? The choice immediately falls on median, which is much less affected by such vagaries. Median survival time is indeed used as a summary measure to get feeling of duration of survival and to compare two or more groups, although you can see that this too is not completely free of bias because of incomplete segments. 
For varying durations, you can think of person-years as the denominator and come up with an average such as 2.7 deaths per persons-year. Although person-year can take care of the incomplete segments, this annoyingly considers first year after treatment on the same pedestal as say fifth year. Clearly this in not true for survival. The risk of death increases as the time passes – one because of advancing age and two because the effect of treatment generally wanes. Thus a measure such as death per person-year is also ruled out.
Beside median survival time, the other appropriate measure is survival rate such as 5-year survival rate. This can be adjusted for censored values as discussed next, and is a commonly used parameter in survival studies.
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Thus time is divided into bands. Such observations in intervals may be cost-effective in some situations, particularly when n is large.

P612
Note that this is nonparametric as it does not depend on any particular form of distribution of survival period.

P.614
Median survival time corresponds to survival function = 0.5 and is the same as time at which 50% survive only if there are no censored observations. Thus they are not same. More exactly, median is calculated as the smallest survival time at which survival probability is at least 0.5.
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Figure – illustrates how a survival curve can be used to graphically estimate median survival time, something like 5-year survival rate, and duration at which survival is 80%.
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18.2.3.2 Standard Error of Survival Rate
As you might have expected, if the expression for survival function is messy, the standard error (SE) can not be simple. However if deaths are not too many at any time point and if you started with sufficiently number of subjects so that the number of survivors remains reasonably large at the end, the SE can be approximated by

SE(si)   
This is the same as you have seen for proportions. The SE would be different for different points of time just as survival si and number of survivors ni are. For life-table survival also, the approximate SEs are the same – just that the subscript i is replaced by subscript k.
In view of small ni in Table 18.4, you can see that this SE would not be applicable for these data. Even when n is large, note from SE that it increases (the precision declines) with time as the survival reduces and it is based on fewer and fewer subjects.

P.618

One rather simple estimate of cumulative hazard function is

. 
This is a nonparametric estimate.
	Many workers feel that parametric models impose difficult-to-justify restrictions. Also, there are many options and prior information is rarely available to make a correct choice. You may have to try more than one model to get an adequate fit. Semiparametric model, particularly Cox discussed earlier, is more flexible and safer. This has become a standard choice for many applications.
	If your interest in a parametric model persists, the estimates of the parameters can be generally obtained by least square regression. Luckily the three commonly used parametric models just discussed can be converted to linear form by suitable transformation. For example, Weibull in eq. (18.12) reduces to 
–ln[ln(1 – H(t))] = ln λ + α ln t.
Thus, usual regression estimates can be obtained.
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It requires that censoring in both the groups is independent of survival process. Patients getting worse or better treatment should not dropout quicker than others. Also, log-rank method is valid when all time points are equally important. Sometimes time points with higher number of subjects at risk are given more weight. In that case, another method such as Breslow test should be used. This is also known as Gehan-Breslow test and generalized Wilcoxon test. For details see Hosmer DW and Lemeshow (Applied Survival Analysis: Regression Modeling of Time to Event Data. Wiley Interscience 1998; p60). Since this test gives more weight to the time points with higher number of subjects, initial time points tend to decide the statistical significance where the number of subjects at risk is higher. As time passes, subjects die or dropout and the numbers become smaller. Thus log-rank tends to give relatively higher weight to the earlier time points—thus is more likely to detect differences at earlier (check) time points. As a middle path some prefer Tarone-Ware test that gives weight proportional to √nt, where nt is the number at risk at time point t. 

P.623
18.3.2.2 Cox Model for Survival

Recall that the Cox regression mentioned earlier in Chap. 17 is for any binary outcome. When (t) is replaced by h(t), this is as follows.

[bookmark: _GoBack]Cox regression: h(t) = h0(t) 						(18.a)
Consider now h(t) in this equation as the hazard of death and h 0(t) is the baseline hazard when all xs are zero. h0(t) represents the effect of time alone without the covariates. Hazard has already been explained. The binary outcome is survive/dead. In other contexts, the binary outcome could be the end-point reached or not reached. The model can be adapted to include censored data.
	In the Cox regression (18.a), let the covariates be prognostic factors that affect survival. If you suspect that survival in males would be different than in females, sex would be a valid covariate. This type of modeling could identify the factors that have significant influence and their contribution can be quantified. Cox survival model does not require any specific form of survival over time but it does require that the hazard ratio remains unaltered over the period of follow-up (called proportional hazards) and cumulative hazard is multiplicative (additive on log scale). Note that Cox model is for hazard of death (or failure) and not for duration of survival.	

Proportional Hazards 
To understand proportional hazards, consider two groups defined by indicator variable x1 = 0 for control and x1 = 1 for the treatment group. For simplicity, suppose this is the only variable under consideration. Eq. (18.a) in this case gives h(t) = h0(t) for x1 = 0 and h(t) = h0(t) eb for x1 = 1. Thus the ratio of these two hazards is eb for all t. It does not depend on time. The form of h0(t) does not matter for this ratio.  This is what proportional hazards imply. It is because of this property, when fulfilled, that the method is independent of the pattern of survival curve. In logarithmic terms, hazard ratio function is linear in xs and hazard functions are parallel (check). Proportional hazards in the two groups would mean the plot of logarithm of hazards vs. survival time would be parallel (Figure   ).

	
	



	
	
	
	
	
	



	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


     

FIGURE Graphical representation of proportional hazards

As just explained, proportional hazards imply that the hazard ratio is constant over survival time. For example, if a person of age 60 years with hypertension has hazard of MI 1.25 times of the person without hypertension, this ratio should continue to be 1.25 at 70 years and at age 80 years if these ages are in your data. This means that the hazard of MI increases with age in the same proportion in hypertensives as in nonhypertensives. This may not hold for example for intricate surgery (compared to, say, medical treatment) because of high risk of death at early stages due to perioperative causes and relatively lower risk of mortality at later stages of recovery when the surgery is seen as successful. When proportionality holds, no correction is required for the varying length of follow up of different subjects.
	You have seen in one covariate situation that hazard ratio is the coefficient b at any point of time in the Cox regression. This simple and useful interpretation has made hazard ratio so popular.
	Cox survival model also requires that the effect of covariates on hazard is multiplicative. This can also be stated as log-linear. To understand this, suppose now that another covariate x2 is included. For two covariates, (x1, x2), Eq. (18.a) gives

	h(t) = h0(t)

	       = h0(t)
Thus the hazard is multiplicative of the effects of x1 and x2. If x2 is also dichotomous, say gender with values x2 = 0 for males and x2 = 1 for females, this would imply that the effect of treatment in males is the same as in females. There is no interaction. If interaction exists, a third variable x3 is introduced. This would be defined as x3 = x1*x2. This product has values x3 = 1 when x1 = 1 and x2 = 1, otherwise zero. Such conditions are generally fulfilled when the covariate is time invariant.  
As an illustration of how Cox model works, consider hazard of complications in case of peritonitis with different APACHE scores. If the coefficient b for APACHE is 0.0487, what does it imply? This means that if APACHE score increases by one, the hazard ratio (relative to APACHE score = 0, check) of complication is exp(0.0487) = 1.050. If APACHE score increases by 8, the hazard ratio becomes exp(80.0487= 1.476, i.e., about 1½ times. In place of continuous APACHE, consider binary variable such as gender. If b for gender is 0.675 and the coding is 1 for men and 0 for women (so that women is the reference category), the hazard ratio of men to women is exp (0.675) = 1.96. Thus men have nearly twice as much hazard of developing complication in peritonitis as in women. For these two risk factors, the model would be

λ (t) = λ0 [exp (0.0487)*APACHE]*[exp(0.675)*gender] for all t.
 
As in the case of logistic, any unusually large coefficient in Cox model or large SE should be regarded as wrong. It can arise either due to strong multicolinearity or due to extremely small number of subjects in a particular subgroup. Such instances highlight the importance of scrutinizing the data and exploring their suitability for a particular analysis. The bottom line is the investigator himself who must take all the responsibility.
	Time invariance of covariates is quite a strict condition in the context of survival. Generally, life style and physiological variables change over time, while background characteristics such as gender, blood group, ethnicity and urban/rural residence remain stable. If you are not sure, check that interaction between the covariate and time has statistically not significant coefficient. This can be done by a test such as Wald’s. This can be done for quantitative covariate. For qualitative covariate, compute baseline hazard for each category of the covariate and see if it is nearly the same. Nevertheless, baseline values of all covariates can still be incorporated because they remain same. If significant, abandon the Cox proportion hazards model in favor of time-dependent covariates model (not discussed in this text).
	For Cox survival model, all polytomous covariates are converted to a series of binary classes by using dummy variables. Most statistical software would do this once you specify that a particular covariate is polytomous. As in the regression models, the covariates in Cox model also should not have high multicolinearity
	When the above-mentioned conditions are met, Cox model provides better estimates of the hazard at any point of time than the Kaplan-Meier method. Hazard ratio associated with a covariate is given by the exponent of its coefficient in the model. This will provide the estimate of the independent (or adjusted) effect of that covariate when other covariates are also present in the model. The estimate would come from appropriate software.
	Not many researchers test goodness of fit of Cox model. For test of this hypothesis, the deviance –2lnL is used as in the logistic regression. The test for the overall model is provided by the difference in deviance of the full model and the deviance for just 0(t), which measures the effect of time only. This will tell whether all covariates together are of any help or not in explaining the hazard. To assess the utility of any particular covariate, calculate –2lnL with and without that covariate and refer the difference to chi-square with one df. For testing significance of individual covariates, Wald statistic is preferred as it gives slightly better results. In this case, this is just [b/SE(b)]2 and referred to chi-square at 1 df.
Example 18.5 Cox model for identification of risk factors of 15-year mortality after the age 65 years
Ahmad and Bath [13] obtained data from a nationally representative sample of 1042 community dwelling people in U.K. of age 65 years or more.  Their survival time since 1985 was recorded with censoring in the year 2000. Data pertain to 460 independent variables on cognitive impairment, physical health, physical activity, psychological well-being, etc. Six Cox models were run that were asked to select 1, 2, 4, 8, 12 and 16 most important variables respectively to predict survival time. Besides age, the analysis found handgrip strength as an important marker of frailty in predicting early death. Pain in joints causing difficulty in carrying bags and self-rated activity compared to peers were important predictors of long-term mortality.
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